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We show how to construct covariant amplitudes for processes involving higher spins in this 
paper. First we give the explicit expressions of Rarita-Schwinger wave functions and propagators 
for bosons with spins, then kinematic singularity free 3-leg effective vertexes are derived and given in 
a list. Equivalence relations are worked out to get these independent vertexes. Constraints of space 
reflection symmetry and boson symmetry are considered and shown in a explicit way. Some helicity 
amplitudes for two-body decays in center of frame are calculated. Finally the covariant helicity 
amplitudes for the process a\ —* tt + ti + it~ are constructed to illustrate how to include background 
(1PI) amplitudes. Both background amplitudes and resonance amplitudes are needed to give reliable 
descriptions to high energy reactions. 



PACS number(s): ll.80.Cr, 11.55Bq, 13.25-k 

I. INTRODUCTION 

Model independent amplitudes are needed to analyze high energy experimental data. Such amplitudes are usually 
written in terms of helicity formalism first proposed by Jacob and Wick , or tensor formalism by Zemach |||| , 
in a non-covariant form. Recently Chung M and Filippini et al. || emphasized on the importance of covariance to 
get reliable results. Chung gave some examples of two-body decays with their amplitudes calculated in center of mass 
frame in his works on covariant tensor formalism. The case of spin- J — > spin-j + spin-0 with J, j < 2 has been 
^T) discussed in detail in Ref . || . 

We construct covariant amplitudes in a view of S-matrix approach. We call a S-matrix (maybe off shell) after 
OS • stripping off external lines (wave functions) effective vertexes. Effective vertexes are related to Green functions by 
LSZ reduction formulations pOj , pT| , which can be divide into one-particle irreducible (1PI) parts and one-particle 
r"| ■ reducible parts. The former ones are often called backgrounds and the later resonances. One should repeat the 
i' process to divide those sub-vertexes connected by (full) propagators in resonance parts, until arrives at 3-leg vertexes 
JL i that can not be separated. 

These effective vertexes (with three or more legs) should be constructed from the four-momenta of outer legs and 
isotropic tensors of Lorentz group. We use wave functions satisfying Rarita-Schwinger conditions jl2| in this paper. 
This specific choice of wave functions will not introduce any model dependence, since we can change our results into 
any other representations via basis transformations. Information on the structure of particles is contained in effective 
vertexes. The general form of an effective vertex for bosons are tensors to be constructed from pf (i — 1,2, •• • .) 
and g^, e a ^ lS . Following the assumption of maximal analyticity S-Q, such vertex functions are free of kinematic 
singularities (K. S.) |l4|Jlf^ -p^| . However, one should be careful when writing down independent effective vertexes. 
Since there are redundant components to be removed by Rarita-Schwinger conditions, some seemingly independent 
terms are related by equivalence relations f^o). We work out equivalence relations and give a general list of 3-leg 
effective vertexes. Some special cases of them have already been given by Scadron pc[ |. 

Additional symmetries give constraints on the form factors in effective vertexes. Space reflection symmetry demands 
effective vertexes being tensors or pseudo-tensors, depending on spin-parities of their outer legs. The ratio of form 
factors in tensor parts and those in pseudo-tensor parts can be taken as a parameter of parity violation. For 3-leg 
effective vertexes involving two spin-0 particles, some processes are forbidden. 

If an effective vertex is connected to two identical bosons, it must satisfy boson symmetry. There are kinematic zeros 
in form factors that should be factored out. When both of the two bosons are on shell, the "anti-symmetric" parts of 
the 3-leg effective vertex vanish. For the case of one particle is on shell while another is off shell, the contribution from 
"anti-symmetric" parts is not independent from background terms, since the form factors in these parts contribute a 
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factor which eliminates the denominator of the propagator for the off shell particle. We give a list of 3-leg effective 
vertexes, with all these cases considered. 

Covariant amplitudes in different reference frame are related by Wigner rotations ]2l]] . We calculate the amplitudes 
for some two-body decays in center of mass (CM) frame. The relation between amplitudes in laboratory frame and 
those in CM frame is derived. 

Background amplitudes should not be neglected in order to give a full description to a reaction, and to get reliable 
information from data p2[ . fPI amplitudes will not give flat distributions if there are particles with non-zero spins. 
The covariant helicity amplitudes for a\ — > 7r + 7r + 7r~ are constructed as a demonstration. 

Our present work is partly based on Ref. p3[ . In Sec. [0] we give a brief introduction to wave functions and 
propagators. 3-leg effective vertexes are listed in Sec. g. Sec. |[V] and Sec. |v| are devoted to the constraint of space 



reflection symmetry and boson symmetry. Two-body decays are considered in Sec. VI. In Sec. VII we discuss the 
process a\ — > 7r + 7r + 7r~. 

II. WAVE FUNCTIONS 

Let L(p) be a Lorentz transformation, 

pf = Zf v (p)V. (I) 

The standard momentum for a mass-W particles is (fc^) = (W; 0). The space-time metric we use is (g 1 *") — 
diag{I, — I, — I, — I}. Now define one-particle states as p3j 

\p,a) = U(L(p))\k,a) (2) 

with U(L(p)) the unitary representation of L(p) in Hubert space. It satisfies 

p»\p,a)=p»\p,a). (3) 

We can choose the orthonormal condition to be 

(p\a'\p,a) = {2^f{2p°)5(p'-p)5 a , a . (4) 

Under a Lorentz transformation A, 

U(A)\p,a) =Y l D a , a (W(A,p))\Ap,a), (5) 

where 

W(A,p) = L-\Kp)KL{p) (6) 

is the Wigner rotation |2^| and {D^ a } furnishes a representation of SO(3). 
If we define the Lorentz transformation in Eq. (||) to be a pure Lorentz boost 

L(p) = L(p) ( . 
= R(ip,6,0)L z (\p\)R-i(<p,6,0), [l) 

we obtain canonical states. Here R((p, 0, 0) is the rotation that takes z-axis to the direction of J), and the boost 



L z (|p|) takes the four-momentum (fc^) = (W; 0) to ^vIU 2 + P 2 ! 0, 0, [p\j. For a particle of spin-j, a ~ {j,Tn). 
For canonical states, Eq. (||) becomes 

U(A)\p,j,m) =Y,& m >jL- 1 {Ap)AL$))\Ap,j,m). (8) 

rn 

D 3 ^ is the ordinary Z)-function. Especially, under a rotation i?, 

U(R)\^,j,m)=J2D J m ,jR)\Rp,j,m'). (9) 
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Defining the Lorentz transformation in another way leads to helicity states [Q: 

L(p) = L{p)R- l {<p,e,Q) 
= R(<p,8,0)L z (tf\). 



We have 



and 



U(A)\p,j, X)=J2 D 3 X , x (L~ 1 (Jip)AL(p))\Ap,j, X) 
x' 



U(R)\p,j,X) = \Rp,j,X). 
The two kinds of definitions are related to each other, 

\p, 3, X) helicity = ^2 D 3 mX (ip,0,O)\p,j,m) canonical- 
m 

Quantum states in terms of creation and annihilation operators read: 



(10) 



(11) 



(12) 



(13) 



\p,j,a) = v/(27r) 3 2pV(p,j>)|0), (14) 
where |0) is the vacuum state. We use "tr" to mean that the relation holds for both helicity states and canonical 



states. Quantum fields for spin-j bosons are constructed as 24 
d 3 p 



{J2 e ^2-H (P. 3, °HP, 3, o)e w ' x + e li^-H (P> 3> (J ) aCt OP. 3, °V P ' X }, (15) 



'(27r) J 2p° 

with a c ^ the annihilation operator of the antiparticle, and 
^nin^—^j i s the w & ve function in momentum space satisfying |^4j 



A Vl A " 2 



■A H U3 e„ 1 „ 2 ...„ j {p,j,cT) =^D a , a {W{A,p))e ll ^... IJ ,.(p,j,a), 



(16) 



(17) 



so its definition is 

e fj,ifj, 2 ---nj {P) 3 1 °") — A Ul 1 Af 12 

From the following infinitesimal generators of the Lorentz group 



A H Vi e^ 2 ... H (0,j, a). 
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e i<fiJ3 e ~iOJ: 



)"„) = 



Choose wave functions at rest frame to be 



(e"(0,0)) 



/ 1 

cos 9 cos — sin ip sin 6* cos <p 

cos 6* sin <p cos ip sin sin ip 

\ - sin 61 cos 



(e"(0,±l)) =T 



we get the familiar explicit expressions of spin-1 canonical wave functions^ is the energy of the particle) 
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(e£(p,±l)) = T ^ 
and spin-1 helicity wave functions 

K(?,0)) 
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/ Hi \ 
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Wave functions for higher integral spin particles can be defined recurrently by 



Using the following C-G coefficient relation 

E O'l > CT 1 ; J2 , CT 2 I Jl + j 2 , CT3 ) (ji + j 2 , CT3 ; fc 3 , <T 3 1 ji + j 2 + js , <7 4 ) • • 
o- 3 ,o- 4 ,---,o- n 

X (jl + j 2 + • • • + j 7i—l) ^n: 3n 1 &n \jl + 32 H hi„,cr„ + cr„) 



n 



(23.)! 



0'i+<Ti)!0'i-<Ti)l 



i=l 


1 


i=i 







we find 



£niH2---Hj (p i3i °0 



E 



(2j)!n[(l+<T i )l(l-<7 i )!] 



> $ CTl+<72 +-+<7,, <7e Ml (p,o-i)e M2 (p,CT 2 ) • ■■e H (p,a j ) 



The above expression is equivalent to that given by Scadron p0| and Chung |25|, since they come from the same 
definition of Eq. ( ^6|) . 



^(Pjij ") satisfies Rarita-Schwinger conditions: space-like, symmetric and traceless: 



P w e^ lA(2 ... Mj (?,i,o-) = 0, 
e ^i...fj, k ...ni...fj,j (p 7 jj °) — e tii...ni...n k ...nj \Pi 3i <7 )j 



Spin projection operator is 



(29) 
(30) 
(31) 



v (3) 

E e MlM2 ... w (?, j, e)et^... Vj (?, j, cr) 

a 

JjlJZ E ( II 5/lifi + a i 5/11/12 5^1 ^2 II 5/li^i 

P{/xi/i 2 ...^} Vl=1 2=3 

p-fz/l^.-.z/j} 



EI (fif|»2i-lA»2i5V2<-ll 



Ci-i)/2 



for even j, 
for odd j ; 



(32) 



where 



'it 



2^!(j - 2A")! (2j - l)(2j - 3)...(2j - 2JT + 1) : 



(33) 



and 



9fiu 



P^Pv 

w 2 



(34) 



is the spin-1 projection operator. Spin projection operators are useful when we sum over final (or initial) particles' 
spins. They also serve as numerators of propagators uS. From Eq. (|32|), the first five projection operators read 



-p(i) 



P^Pv 

W 2 ' 



p(2 



[il[i2\VlV 2 ~ c^J) ^1V\9 112V2 + 9^2V\9^lV2) g. 9 Ml 5^11^2 J 



(35) 
(36) 



-p(3) 

E 9 lilVl9 p.2V 2 9 H3V3 

P{vi,V2,V3} 

_ 30 S {9^11^2 9^1 V29^3"3 + 9ii\V\9lllll2,9v-2V3 "H 9li\^i9v\ l/35/i2^2 )) 

P{fl, 1/2^3} 



(37) 



/ AllAl2A I 3M4;^1^2i'3l'4 — 
+ 24 E 5/1 1^1 5/12 ^2 5/13 f3 5/14 f4 

E & \li29il3Vl_9lliV2 "I 5/12/135/11H1 5/14^2 ' 5/11 /»3 5/12 I'l 5/14H2 + 
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168 



P{vi,V2,V3Mi} 



+ 



Mil 



E 



5 '/11 M4fl 'n2V\9 'P.3.V2 + 9n2p-i9^\vi 5/13^2 + 5/t3M45/ii^i 9^2^2)9^ 

(5/11/12 5/13/14 +5/11/13 5/12/14 + 5/11/145/12/13 )5^1 ^25^3^4 J 



(38) 
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V. 



(5) 

A» 1 M2 M3 M4 M5 ; ^1 V-2 U 3 !/ 4 l/ 5 

"120 s 

P{l/1, 1/2,1/3,^4) 1^5} 
T080 2-J 

P { v\, 1/2, 1/3,1/4, 2/5} 



9\i\v\ 9 tii V2 9^3 V3 9 m fi 3 ms </5 

(.9^1/^2.9^31/1 9 tnv 2 9 im,v 3 + 9 nini9 ^2Vi9 hav 2 9 



7560 ^ 

f {1/1,1/2,1/3,1/4,1/5} 
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(39) 



{9tll^29tl3^i9flzVi ^9^11-139^2^49^5^1 + 9niHi9li2H39n5Vi 

9 fil ^2 9^31^5 9^4^1 + 9 ^1^39 ^2^59 ^4^1 ' 3miM5 3/12 M3 3/14 1/1 

^9 [11L129 H4H5.9 [13V1 + 9^1^49^2^59^3Ul I 3miM5 3/12 M4 3/13 1/1 

~!"3AtlAt3 3/i4/i5 9/12V1 "T" 3/J1M4 3/13/15 3£i2 1/1 "T" 9/11/15 3/X3M4 3/12 1/1 

+3/i2Al33/i4M53Mll/l + 3m2M43m3M53a!i1/1 + 9^2^&9^3P-49^lVl )3l/2 l/3 3l/4 1/5 • 

Now we can state Feynman rules for bosons as: (1) Every incoming particle or incoming antiparticle contributes a 



factor of e 

(3) For each spin-j internal line, include a factor 



(p,j,a). (2) Every outgoing particle or outgoing antiparticle contributes a factor of e* x 



/i!/j, 2 .../J, 



0) 

fj,lfj, 2 — fJ,j-,VlU-2— Vj 



p2 _ T/{/2 _)_ ^ £ 



0,j',o-). 



(40) 



Note that we have dropped constants unnecessary for amplitude analysis. The denominator of Eq. ( p0| ) is often 
changed to Breit-Wigner form as an approximation to the full propagator: 



■ ' mi 



CO 

/J2.../ij;i/ii/2...i/j 
2 - VF 2 + irVF ' 



(41) 



where T is the width of the particle. The width is either determined from experiments or from the chain approximation 
of theoretical models. 

The problem left now is how to write down effective vertexes. We will give a list of 3-leg effective vertexes in next 
section. 

III. THREE-LEG EFFECTIVE VERTEXES 

The effective vertex T should be constructed from momentums and isotropic tensors of the Lorentz group. Free 
indexes left after contraction of the Lorentz indexes of T. Here (i = 1,2, ...,n) is the four- 

momenta for particle i and £ a ^ s the antisymmetric tensor. Not all possible constructions are independent since we 
have conservation of energy and momentum 







(42) 



and Rarita-Schwinger conditions. 

The antisymmetric tensor has the property 



z - : (iva0£ // v i ol p' 



= - det 
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so products of £fi Ua p can be absorbed into other terms K. S. freely. 
Let's move on to the case of effective vertexes with only three legs. 



(43) 



G 




p 2 , J 2 , X 2 , Pi 
FIG. 1. A three-leg effective vertex 

As shown in Fig. [l], the four- moment a of the three particles are pi, P2 and p%. The spins are Ji, J2 and J3, 

and helicities being Ai, A2 and A3. The Lorentz indexes for these particles are (ai,ct2, ■■■,aj 1 ), /3a, /3j 2 ) and 
(71 j 72, •••)7j 3 )j so the effective vertex T has J\ + J 2 + J3 indexes. 

The antisymmetric tensor e a P^ s in a three-leg vertex should contract with at least one four-momenta since wave 
functions are symmetric. 

We define 

Af^=p ltl e^\ (44) 

Af^ = P2^ af> \ (45) 

QT = Pl a P2f3S a ^ . (46) 

In effective vertexes involving higher spin particles, some seemingly independent terms we write down are in fact 
not independent. There are equivalence relations among them. These equivalence relations come from Eq. (^3|) and 
the following identity Q 



We can 



QaiTlpft „ p 2^a l/3l7l _ ^ , ^J^PxH + Q^pf , ( 48 ) 

Q/3!7i p ai „ _(p x . P2 )A%^ +p 2 2 A^ 1 +Q a ^pT, (49) 

gai/3i ff a 27l _ ^i/3i7l p a 2 + ga l7 i g a aPl ^ (50) 

Qai/Sx ff /3 27 i ^ _^ l/3l7l ^ a - Q^ 71 g" 1 ^ , (51) 

Qa l7l ff /3 l72 _ g/3 l7l 5 a l72 _ j^i/hUff + A^^pf , (52) 

-iph^g^M 2 - \V\9^9^PTPT (53) 

-|(Pi + P2 )V i/ V 2/32 ;p7 1 P? - (Pi •p 2 ).9 Ql7l 5 /3l72 pf 2 P2 2 

+ [(pi -P2) +pl]9 ai01 9 a ^ 1 P P 1 2 pT ~ [(Pi - Pa) +p\]9 ai01 9^ 1 P?P2 2 , 

j^ai@l~il p a2 _|_ i/3i7i g a2l2 p fh ^ _ g a\Pi Qa 2 ^\ g 02l2 _ ^lft Q/3 27 i^Q 272 ^g^-j 



1 Three of these equivalence relations, Eq. (0), Eq. (^) and Eq. (|s^), have been listed in Ref. [ po[ . 
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A^^p^p^pf + A% 10infl p% 2 p^pl 2 

+i(p! • p 2 )A^g^p^ - IplA^g^p^ 
+ ^( Pl -p 2 )-pl]g^AT^ 1 pT 

+h[( P i-P2)-P 2 2 ]g a ^Ar^ i P r 

n^Q^p^pf. 



The symbol "~" means that the left hand side and the right hand side of the equation are equal only when they 
are contracted with wave functions satisfying Eqs. ( p9[]3l| ). The left hand side of these equations can be absorbed into 
those terms on the right hand side without introducing kinematic singularities. 

A K. S. free effective vertex is written as 

r = r+ + r_, (56) 

where T + (r_) is the tensor (pseudo-tensor) part of the vertex. We sort the three particles in ascending order of their 
spins, i.e., J\ < J 2 < J3. After considering these equivalence relations, one finds: 



(Ji, J 2 ,J 3 ) = (0,0, j), withj<0 



T + = c l {p?p?---pl>), (57) 
T_ = 0; (58) 



(Ji, J2, h) = (0,3,3 ), with i<j< j 



T+ = ci {g^n g^ ■ ■ ■ gP™pl i+1 pl> + ' ■ ■ ■ p}' ) 

/3i7i„/3272 . . . ft-_i73_i„ft „73„73+i . . . 



7.. 



+c 2 I g P111 g m12 ■ ■ ■ g tJ i- lli - 1 pl J pi J pi J ^ ■■■p 1 



T_ = Q0171 |c i+2 lgh*ghn...gPnipli+ 1 pli+'...p'li 

+C j+3 (gbVgP»T» ■ ■ . gPj-nj-ipfi p Ji pji+i . . . p Ji 

H 

+ C2j (g^ptpt ■ ■ -pI'pTpT ■ ■ -p7 ) 
+c 2j+1 (pf P f ■■■p^pTpT ■■■p}')}; 



{Ji,J2,h) = 0-,j,j), with j < 1 



(59) 



(60) 
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T + = g a ^ |ci (gPmgPm ...gPo-mp 13 / 

+ C 2 ^172^273 . . ^13,-21,-1^-^^^^ 

H 

+ ■■■ 

+g aiPl {caj+2 ( 5 /327l 5 /?372 • • • g^-'pV) 

+c 2j+ 3 (> 27 V 372 • ■ V'- l7 '- 2 PiV~ 1 *>?) 

+ ■■■ 

r _ = A« 1/3171 {c 3j+2 (^ 272 ^ 373 ---^) 

+C3j+3 (g^g^---g^) 
+ ■■■ 

+c ij+1 (p^ ■■■p^pfpf ■■■p1 i )} 
{c ij+2 (g^g^---g^) 

+C47+3 (/^/373.../ J 7 J ) 
+ ••• 

+c 5j+ i (pfpf ■■■j>?W ■■■??)} 

+Q<*^ {c 6 j+2 ( 5 /327l 5 /?372 • • -g^-'pV) 

+C5J+3 (^"V 8 '* • • V'-^PlW) 
+ ■■■ 

+c 6j+1 ( P fpf 3 ...^ 71 f7 2 ---p?)}; 



(Ji, J2, J3) = ), with 1 < j < j 

T+ = .g" 171 jci (/i^ftm . . . gPno+^pli+ 2 p^+ 3 . . . p 7 / ) 

+c 2 (ghfgP'T* ■ ■ ■ gPi-mp^pl^pl^ ■ ■ -p}' ) 



c j+ i[pf i pf 2 ---pf i P?pr---p} 



+P2 1 {cj+i (> 71 ^ 272 ■ ■ ■ g^ P ? +1 p? +2 ■ ■ -p}' ) 

+Cj+2 (gPrn-gfal* ■ ■■gt 3 i-m-ip1 i pl i pl }+1 ■ ■ -p}'^ 



+ ■ 



■c 2j+2 \ptA 2 ---p 1 i pfpT---p} 



+g a ^ {c 2j+3 (g^gP^ ■ ■ ■ g^-ipl s pl s+1 ■ ■ ■ p}' ) 

+023+4. (/ 271 / 372 • • • ffft-^-'pfV -1 ?? ' ' -Pi' ) 

H 

+C3J+2 (Pi Pi ■ • "Pi Pi Pi ■ ■ 'Pi )j, 



(61) 



(62) 



(63) 
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r_ = AT P ^ {c3 3+3 (g^g^---g^ P V +1 P? +2 ---p7) 

+c 3j +4 [gfrTghT* ■ ■ ■ gh-^pf* p? pj j+1 ■ ■ -p}' ) 
+ ••• 

+c 4j+2 (p( 2 P f°---pf* P rp?---p^} 

{c ij+3 (gfrngto* ■ ■ ■ g^pj^p^ ■ ■ ■ p}' ) 
+C 4j+4 (gtoVgtoT* ■ ■■g^-^p^pj'pl i+1 ■ ■ ■ p}' ) 

+ ... ( 64 ) 

+ C5j+2 (pfpf 3 ■■■p^pTpT •••?>?)} 

+Q Ql71 c 5j+3 (gh-ngt*™ ■ ■ ■ g^j+ipl^pj^ . . . p V ) 
+Q ai131 {c 5j +4 (V 271 / 372 ■ ■ ■ g^-^p^p^ +1 ■ ■ -p}' ) 

+c 5j+5 (g^gP™ ■ ■■gto-w->$pl i - 1 pl i ■ ■ -p}' ) 

+c ej+3 (p p M 3 ---pf 1 pT P T---p y /)}; 

• (Ji,J 2) J 3 ) = (2,2,2) 

r+ = cisP^gT^pfp? 
+c 2 g Ql/3l g Q27l g /3272 

+c 3 g Ql N Q27l P? Pi 2 
+c 43 Qi ' 3i ^ 2 / 2 t i p7 2 

+c 5 g Ql/3l P2 2 pf 2 p7 1 P? 

+c 6 g Ql7l 5 Q272 P? 1 P? 2 ^ j 

+C 73 Ql T 1 p2 2 5 /3l72 pf 2 

+ c 8g Q171 p2" 2 f^ 2 p? 

+C9P2 1 P2 2 / 171 / 272 

+c wP rpTPi 1 Pi 2 pTpV, 



r_ = Cll5 tti ftA^ ft71 p 72 

+c 12 g Ql/3l A^ 2/327l p 72 
+ci 3 g 0!l/3l (3 Q27l 5 /32 72 
+ci4ff Ql/3l O Q2/32 p7 1 P? 

+c 15 ^ l/3l7l 5 Q ^^f 2 (66) 
+c 16J 4f /3l7l ^ 2 5 *T 2 

+c 17 Ar^ 1 P?P f f P ? 
+c 18 A* lpl ~ fl p% 2 g^ 

+c 19 Q a ^ P rp( 2 P? P ?; 



• (Ji, J 2 , J 3 ) = (2,j,j), with j > 3 
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+c 2 (V 371 / 472 ■ ■ ■ g^-^i-tpl 3 pI'^pI'^pI 3 ^ 
+ ■■■ 

+c J -i(p?P f i 4 ---P^ P TpJ 2 ■■■??)} 

+5" l/3l 3 a271 {Cj (g^g^l 3 • • -g0iV) 

+c j+ i (ghTglh-n . ..gPj-m-ipfjpy^ 
+ ■■■ 

+c 2 ^ 1 (p^p^---p{ 3 pfpf---pl 3 )) 

+g aif3l P2 2 {c2j (g P2ll g fl312 ■■■g' 3jl3 - 1 Pi J ) 

+C2 j+ i (g^g^ ■ ■■g^-^- 2 p1 3 pl 3 - 1 p[ ] ) 
+ ■■■ 

+c 3j _i (pf 2 pf 3 ■■■p p 1 3 pTpT ■■■p1 3 )} 

+g a ljlg a 2l2 | C3j ^/3i 7 3 5 /?274 . ■■gPi-^p t l 3 - 1 p t l 3 ^j 

+c 3j+ i (/^V 274 ■ ■■g^-^- 1 pf 3 - 2 p^ 3 - 1 pf 3 p 1 1 3 ) 
+ ■■■ 

+c 4j - 2 (tf 1 tf> ■■■p^pTpT •••??)} 

+c 4j - (/ 172 / 273 ■■V J - l7< Pi') 

+ ••• 

+ C5j _ 2 (p^ 2 -..p^ 72 P 73 ...p?)} 

c 6j - 1 (gP™ g P™---gf ) ™) 
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+C 5j+2 (gf>*l*g(>™ . ..g^-^-^pl^pJ^pl^ 
+ ■■■ 

+C6.-2 (^-te-P?)) 
+ 9 a ^AT fe71 { C6j _l ( 5 fe72 5 /34 73 . ..gPm-ipJi) 

+ ••• 

+5 a l/3lA a2/327l {^.^ (^372^473 . . . gPiH-^ ) 

+C7j-i (gPwgP™ • ■ ■«/^- 1 ^- a p?V , " 1 P?) 
+ ••• 

+5 a 1 /3 1 Qa 27 i Cjy _ 3 (^272 ^373 . . . ff &7i ) ' (68) 

+g «ifrQ«,lh Cg ._ 2 ^3^4 . . . p ft p 7 lp 72 . . . p 7,) 

+ ••• 

+A «i0i~ti p «2 { Cg ,_ 2 (^272^373 . . . ff ft7i) 

+C9j_i IgbngfoT* ■ ■ ■ g^-^p^ p 1 ^ 
+ ■■■ 

4-r>, „ ■ „ /'n' 32 i/ 3 . . . n 72 T, 73 . . . n 73 ^ \ 

+C10J-3 I Pi Pi -Pi Pi Pi -Pi It 

+ A «10m p «2 CWj _ 2 {gP2l2g0 3 l 3 ...g0 i li) 

+Q a ^P? C 1( y-1 (pf pf* • • -pf P?P? • • -P? 



(Ji,J 2 ,J 3 ) = (2,2,3) 



T+ - Cl g a ^g a ^pfpfpf 
+c 2 g aiPl g a ^ 1 g^pf 
+c 3 g aifh g a '' n i%'p?p? 
+C45 Ql/3l P2 2 / 27l P?p7 3 

+c55 q1/3i P2 2 P4 32 p?p7 2 p? 

+c 65 ai7l 5 tt272 / l73 pf 2 

+C75 Ql7l 5 Q272 pfpf 2 p7 3 



+c 8 5 ai7l P2 2 3 /3l72 3' 32 73 
+c 9 ( ? Ql7l p 2 <2 / l72 pf 2 p 73 

+cio3 Ql7l P 2 " 2 pf 1 pf 2 P?p7 3 
+ciiP2 1 P2 2 5 /3l7l 5 /32 72 P? 

+c 12P ° i p° ^p^pTpTpT, 
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+c li g ai ^A^ 1 pfpf 
+ci5.g Ql/3l Q" 27l 5' 32 72 p 73 
+c 16 g a ^Q a ^ P J 1 pfpJ 3 

+ Cl9J 4? l/3l > 2 * 2 / 272 p 73 
+c 20 A^ 1 p^p^prpf 
+c 2 iA2 l/3l7l 5 Q272 5 /32 73 
+c 22 ^ lft7l p^ 2 5 ' 32 72 p 73 

+c2 3 Q aiPl PTPi 2 pTpTpT; 



, with j i > 3 

+c 2 (V 37 V 472 ■ ■ ■g p *- i v- a rf i pl i -'pl i - 1 p'l i pl i+1 ) 
+ ■■■ 

+ff a 1 /3 lff a 27l {cj (/ 272 / 373 • • - 5 ft^p 73 + 1 ) 

+cj+i (V 272 / 373 • ■ V" 17 '- 1 ?? 
+ ••• 

+ C2j _! (p?y» • • -pf^w • • -p7W +1 ) } 

+.9 aift P2 2 {c 2j (/ 27 V 372 • • • gPw-ipl'pl" 1 ) 

+c 2j+ i (g*™gP*v ■ ■ V'- l7 '- a Pi , Pi'~ 1 P?Pi' +1 ) 
+ ••• 

+c3 J --i(p? a p? s ---p? i P?pr-"P? +1 )} 

+ff ai7i 5 «272 | C3j ^/3i73 5 /3274 . . . ff ft-i7 J + i p ft^ 

+C 3j +1 ( 5 ft^ 5 fc74 . ..gPi-W$-*$p'{'+ 1 } 
+ ■■■ 

+C4 j _i(pfpf •••p^?p7 4 ---p? +1 )} 

+3 Ql7l P2 2 { c 4j (/ 172 / 273 • • -gftTi+i) 

+c 4j +i (gP^g*™ ■ --g^-^pl'pT 1 ) 
+ ■■■ 

+c 5j U 1 pf 2 ■■■p^pTpT ■■■pV +1 )} 

+pTp2 2 c 5j +i f/^/ 272 • ■ •gPWpl" 1 ) 

+pTpT c 5j+2 (p^pf 2 ■ ■ -p^pTp? ■ ■ -pT 1 ) , 
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r_ = 5 «i/3i 5 "2/32Q/337i { C5j+3 (^72^573 . . .gPoli-^p^- 1 p^p^+ 1 ) 

+c 5j+4 (gf>™ g e™ ■ ■■gP'-w->$pl i -'pT- 1 P?pl i+1 ) 

+ ■■■ 

+5 ai/9 M «/J 27 i | cgj+1 ( ff /33 72 ff /34 73 . . . fl ft 7 ,-i p Ty p 7i+i) 

+ ••• 

+c7m(p? 3 p? 4 -p?W-p? +i )} 

+^1/31^2/3271 | C7j ( ff /33 72 ff /3 4 73 . ..gtoyi-ipl'pli+ 1 ) 

+C7j+i (gtoVg^T* ■ ■ V'- l7 '- 2 PiV _1 P?P? +1 ) 

+ ■■■ 

+ C8j-2 I Pi Pi ■■■PlPlPl ■■■Pi J J 

+ 5 ai/3l Q Q2 '' 1 C 8 j_l (/272 ff /3 3 73 ...gPilipli + l) ' (72) 

+5 «i/3iQ<*2/3 2 Cg . ^3^4 . . .^pTipT. . . . p 7, + i) 
+j4 «l/3i7l ff a 27 2 | Cgj+1 ( ff /3 2 7 3 ff /3 3 74 . . .^Ti+i) 

+ ••• 

+ C9j (p?pf •••p^p?p?---p? +1 )} 

+A «i/3i7i p a2 | Cg . +1 ( ff /3 272ff /3373 . ..gP^pJ^) 

+c 9j -+2 (gh-ngP™ ■ ■ ■ g^-^-^PiPi^) 
+ ■■■ 

+c Wj (p( 2 p( 3 ---p^pTpT ■■■p? +1 )} 

+A^^g^ Cwj+1 (gtoTgP™ ■ ■ ■ gf>W+*) 
+A°^p? c wj+ 2 (ghVgP™ ■ ■ ■ <A"P? +1 ) 

+0 ai ' 3l P 2 " 2 ci 0j+3 (p? 2 p? 3 • • -pf'pW • • -p? +1 ) ; 



• (Ji, J 2 ,J 3 ) = (2,2, j), with j >4 



r+ = Cig a ^ g a ^ (p?p7 2 ---p?) 

+C25 Ql/3l 5 Q271 (g p2l2 pfpT ■ ■ -Pi] 
+c 3 g a ^g a ^ U 2 P?pT---Pi 



+c 5 g a ^ P r {pf 2 P?P?---P?) 
+c 6 5" l7l 3 Q272 (g^g^pfpf ■ ■ -pi 3 ) 

+c 7 g a ^g a ^ U^p^pTpT ---pi 3 ) (?g) 

+c 85 Ql7l 3 Q272 [ptp iP?PT ■ ■ -P?) 
+c 9 g a ^ P r {g^g^pfpf ■ ■ -pf) 

+ci 05 ai71 P2 2 U^p^pTpT ■ ■ -p? 

+Cll g<*^p? U 1 pf 2 PJ 2 P? 

+ci2pTpT (/ 71 / 272 p?p7 4 ---p? 

+Cl 3 P 2 tl P2 2 (p? 1 P? 2 p7 1 P?---P?), 
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r_ = c 14 g^Ar^ 1 ( P Tp?---pT) 

+c 15 g^Ar 02ll (p?P? ■••P?) 

+C 16 g ail3l Q a2 ^ (g^72 p j Sp j4 ...flj) 

+c 17 g a ^Q a ^{ P J 1 pT---P?) 
+c 18 ^ l/3l7l ff " 272 {g^pfpf ■ • - P?) 

+ Cl9 Ar /3i7i 5 a272 (pfw 4 ---p?) 

+C20 A? 1 ^p? {9^pTpT ■■■??) (74) 

+ C21 ^r' 3i >r (p^pVp? 

+c 22 A^ 1 g a ^ {g^pTpf ■■■p?) 

+c 23 A^ P r (g fh '»p?p?--pl i ) 



+c 24 Q a ^g a ^ 2 (g^g^pfpf ■ ■ ■ p~{ 3 ) 

+c 25 Q a ^ P T (pf 2 pTpT---pT); 



(Ji, Ji, h) = (2, j, 3 ), with j > 3 and j >j + 2 



T+ = g <*if)ig<x*fo ^d^g^g^ 2 ■■■g f3 ^- 2 p' r 1 3 - 1 p' y 1 J ■■■p r i J 



+ ■ 



+ 5 «iA 5 «27i | Cj ^272^/3373 . ..gP3'yipJi+ 1 pJl+ 2 . . . p 7 / 

+Cj+1 (gP™ g P<™ ■ ■■g^- 1 ^- 1 p^p 1 1 3 p 1 1 3+1 ■ ■ -p] 3 '^ 

+ ■■■ 

+c 2j ^(p^p^ ---p^pTpf ■■■p 1 /)} 

+9 aifil P 2 2 [c2j (gPwgP™ ■ ■ ■ gf 3 i"ti-ip[ s p[ i+1 ■ ■ -p 1 / ) 

+c2,-+i (g^g^T* ■ ■■gto-w-*$pl i - 1 pl i ■ --pY) 
+c^{p^...^pTp?---pY)} (75) 

+5 «l7l ff "272 | C3j ^/3l73 ff /32 74 . . . ff ft7 J +2 p 7 3 +3 p 7 J +4 . . 

+C3j+i ( 5 /3l73 5 /3274 ' ' ' ^- 1 ^+ 1 pf>?' +2 p 73+3 • • - pi 3 '' ) 

+ ••• 

+caj (pf 1 ^ 2 ■■■p^pTpT ■■■p 1 /)} 
+g ai ' n p 2 2 {cij+i (gfrvghT* ■ ■ ■ g^^pl i+2 pl i+3 ■ ■ -p}' ) 

+c 4j -+2 (gh-Kgh-y* ■ ■ ■ g^ 3 pI 3 p[ 3+1 pT 2 ■ ■ -pY ) 
+ ■■■ 

+c 5j+ i(p^ P f 2 ■■■p^pTp? ■■■?}')} 

+p^pT C 5j+2 (g^g^ ■ ■ ■ g^p^pj 3+2 ■ ■ ■ p] 3 ' ) 

+pTpT c 5j+3 [p^p'l 2 ■ ■ ■ pI'pTpT ■ ■ ■ p}' ) , 
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+ ■■■ 

+c 6j+1 (p?y i 5 ■■■p^pTpT---pY)} 



ft- 7j_i 7,- Tj 
! Pl Pi Pi ■■■Pi 



c 7j I Pi Pi • ••Pi Pi Pi • • -Pi 



+c 7j + 2 (.'/•'•" •// ' • • • gt'-w-'iftpl'-W ■ ■ -pY ) 
H 

+ C8j _ 1 ( p f p f--.^pr-..p7)} 

+gai p 1 Qa 2ll Csj ^/3 2 72 5 /3 3 73 . . . gPjll p !l+lp1i+* . . . p V ) 

+g«iPiQ°>fh C8J + 1 (pf . . . p^pfpf ■ ■ ■ p}' ) (76) 

+ ^l/3l7 lgQ272 . + 2 (ghTSgton . . . g P W pl^pl^ - - .p 1 / ) 

+C 8i+ 3 ^73^374 . . . g^p^pl^p^ . . 

H 



ft- 7j 7j + l "fy 
'Pi Pi Pi ■••Pi 



- Cl0j+1 ^ 2 pf •••ptor •••??')} 

+ ^ 1 ft7 lff a 272 . +2 Lprbgfhr,* . . . gP^+lpl^pl^ . . .pV ) 

cio i+3 • • • g^p^p^ ■ ■ ■ p 1 / ) 

+ Q«l7l ff "272 Cl0j . +4 ^173 ff /32 74 . . . ^-75+2^+3^+4 , , . ^ 

+q q ^p£ 2 ci 0j - + 5 (pf ■ --p^pTpT ■ --pY ' 

etc. One can give more effective vertexes for those cases in which all three spins > 3, but this will take too much 
space and these vertexes are seldom used. We drop the factor S(pi + P2 + Pz) in effective vertexes and amplitudes 
through out this paper. Scalar coefficients Ci are complex functions of the form 

(k = Ci(jp\,p%,pi -p 2 ). (77) 

They are just constants when all of the particles are on shell. These coefficients are also called invariant amplitudes, 
coupling coefficients, structure functions or form factors in different references. 

The propagator of an off shell particle does not satisfy Eq. (|29| ) and Eq. (j3l|). In this case, those terms proportional 

to 

P? , pl* , (Pi + P2P , 9 a ^ , , 9 Hl1 (78) 

will not vanish. However, such an off shell term always contributes a factor of p\ — W?, p\ — Wf or p\ — W$ 
after contraction with the propagator. This factor will eliminate the denominator of the propagator, which makes 
the amplitude free of pole at the mass of the intermediate particle^- These contributions are not independent from 



2 See Ref. |24l for arguments on polology. 
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background terms. They can be absorbed into back ground amplitudes without introducing kine mat ic singularities. 



Off shell terms are not needed when back ground amplitudes are included. One can refer to Sec. |VII| or Ref. |22| for 
examples. 

IV. SYMMETRY UNDER SPACE REFLECTION 

Under space reflection operation P, canonical quantum states transform as 

~P\p,j,m) =T]\-p,j,m). (79) 

If parity is conserved 

P^P = S, (80) 



(Pi,Ji,m 1 ;p 2 , J 2 ,m 2 ; ■ ■ ■ \S\pi, Ji,mr,p 2 , J 2 ,m 2 ; • • •) 

Vi V 2 ■■■ViV2---(-Yi>j[,m 1 ;-p' 2) J 2) m' 2 -,---\S\ - pi, J u m x ; -p 2 , J 2 , m 2 ; • • •), 



where S is the S-matrix operator. 

The space reflection matrix is defined as 



we have 



Eq. (P) reads 



(81) 



(P^)=diag{l, -1,-1,-1}, (82) 

j$ = P"urf = (83) 

Pt^P^pl' = (E[,-p^, (84) 

r v = P» a P y pg aP = 9^, (85) 

^a(3^S _ pa f p@ i p~f ,p8j., £ a 7* _ _ £ a(3^S (86) 

gMiM2---Mj = p^ 1 u P^ 2 w ■ ■ ■ P^j v .e VlL " 2 '" Vj (87) 



e*(Pi, Ji,m 1 )e* c (p 2 , J 2 ,m 2 ) ■ ■ ■ e c (pi, Ji, m x )e c (jp 2 , J 2 , m 2 ) ■ ■ ■ x 
xr(p' l ,p' 2 ,---,p 1 ,p 2 ,---,g^,e a ^ s ) i i 
= Tilth ■■■ViV2---et(p[,j[,m[)el(p' 2 ,J 2 ,m' 2 )---e c (p 1 ,J 1 ,m 1 )e c {p 2 ,J 2 ,m 2 )---x 
xr(p' 1 ,p' 2 ,---,p 1 ,p 2 ,---,g^,e a ^ 5 ). 

From Eq. (0) one can see 

e£(p,m) = -e£(p,m), (89) 

and for spin-j canonical wave functions, 

er 2 '"" j (P.i,H = {-l) j e^-^(p,j,m). (90) 
The requirement of parity conservation becomes 



e*(Pi> ■^i,"i 1 )e*(p 2 , J 2 ,to 2 ) • ■ -e c (pi, Ji,mi)e c (p 2 , J 2 ,m 2 ) • ■ • x 

xr(p;,p 2 ,..., Pl ,p 2 ,..., 5 ^,e^ 5 ) ^ 

% % • ' ' »?H72 • ■ • (-l) Jl+j2+ "'~ Jl ~ j2 ~"'e* c (p' 1 , J^mje*^, J 2 , m 2 ) ■ ■ ■ e c (pi, Ji,mi)e c (p 2 , J 2 , m 2 ) ■ • ■ x 
xr(p , 1 ,ft,.-.,pi, j j2,...,ff/«',e a ^ a ) 



(91) 



r( P ;,^..-,p 1 ,p 3 ,...,<r, e ^) ; (92) 

• ■■mm ■ ■ ■ (-iy h+J z + -- J i- j2 -T(p' 1 ,p' 2 , ■ • • ,pi,pa, • ■ • , <?^, -e"^). 
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That is, if space reflection parity is conserved, the effective vertexes will consist of only tensors for the case 



in % ■■■nm- ••(-!) 



J1+J2-I Ji-J 2 



(93) 



and only pseudo-tensors if 



Vi V2 ---vim 



. . . f_]\Ji+J2-i -h--h = _\ 



(94) 



Mixing of tensor and pseudo-tensor vertexes always means violation of space reflection symmetry. One can also prove 
the same result using helicity wave functions p2fl . 

We can see from Eq. (^8|) that, if space reflection parity is conserved, a spin-j particle decaying into two scalar(or 
pseudo-scalar) particles must has the parity of (— while a particle decaying into a scalar and a pseudo-scalar 
particle has the parity of — (— l)- 7 . Similarly, for spin-0 — > spin-j + spin-0, the parity of the spin-j particle will be 
(— iy (or — (— iy) if the two spin-0 particles have the same ( or opposite) parities. 



V. BOSON SYMMETRY 



For two identical bosons, we have 



(95) 



■■■;P,3,o-,---;P ,3,v ]■■■) = ,3,o ; • • • ; p,j,a; ■ ■ 

This demands^] 

Suppose particle 1 and particle 2 are identical particles. We define 

P = Pi +P2, k=p 1 -p 2 , 



(96) 

(97) 
(98) 



(99) 
(100) 



(S) 

Let's first separate the 3-leg effective vertexes given in Sec. Ill into 1-2 symmetric parts T ± and 1-2 anti-symmetric 



parts T l ± h . 

• (Ji, J2, J3) — (0, 0, j), with j an even number 

T (S,A) = q 



(101) 
(102) 
(103) 



(Ji, J2, J3) — (0, 0, j), with j an odd number 
Similar to the previous case, with < — » T^: 

rf = 0, 



(104) 
(105) 
(106) 



3 Strictly speaking, we should use Green functions to derive properties of off shell effective vertexes. 
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C j (gOuPlgOt2f32 . . . gajPj^j 

+C2 (g ai P 1 g a2 P 2 ■ ■ . ^"j-ift-ip^ft ) 
+ ■■■ 

r^ = o, 

r (S) = {c j+ 2(g a *feg as fe ■■■g a i&) 

+Cj+3 (g a2l32 g a3133 ■ ..g a l-iPi-ip a ipPi) 
+ ■■■ 

+C2j+1 (p Ql p Q2 • • -p^p^p? 2 ■ ■ .pPi)} , 

T { _ A) =0. 

(Ji, J2, J3) = (1, 1, j), with j an even number and j > 2 

= Ci5f Q171 3 /3172 (fc 73 /c 74 . . .fcTj) 

+c 2 (g^p? 1 - gPmp" 1 ) (fc 72 fc 73 ■■■kn) 
+c 3 g aif}l (k^W 2 ■■■k~<i) 
+c i p ai p' 3 i (fc 7l /c 72 ■■■k^), 

= c 5 (g aill p 01 + g f3lll p ai ) (fc 72 fc 73 ■ ■ ■ fcTi) , 

rL 5) = c 6 ^" 1/3171 (fc 72 fc 73 • • • ) 

+c 7 Q aiPl (k^k'< 2 
c 8 (Q" 171 / 172 + Q^ 171 ^ 172 ) (fc 73 fc 74 • • • kn) 

+ C 9 ^ 1/3171 (fc 72 fc 73 ---/^')- 

(Ji, J2, J3) = (1, l,i), with j an odd number and j > 3 

Similar to the previous case. Just interchange the 1-2 symmetric vertexes with the 1-2 anti-symmetric 
(Ji, J2, J3) = (j,3, 1), with j > 1 

r+ ) = (g aill p Pl + / l7l p ai ) { Ci ( g a2 f> 2 g a 3l3 3 . . 

+C2 (g a2 P 2 g a3 P 3 ■ ■ ■ g a i-tPi-tp a ippi s } 
+ ■■■ 

+Cj (p Q2 p Q3 • • -p^p^pl 33 ■■■pPi)}, 

+c j+ 2 (g aA g a303 ■ ■■g a i- 1 ' 3 i- 1 p a 1pf 3 i) 

+ ••• 

+C 2 j (p a2 _p Q3 • • -p^p^pfe 
+ fc 71 {c 2 j+l (c,"!/ 3 ^" 2 / 32 • . 

+C 2 j+2 (g a ^g a *fo ■ ..g a i-iPi-ip a ipPj) 
+ ■■■ 

+C3j+1 (P Q1 P" 2 • • ■pWphpP' ■■■p> 3 >)}, 
19 



(Jl, J 2 , J 3 ) = (j,.7,0), Withj>l 



F (S) 
1 + 



,(S) 

+ 



1 

+ 



r (A) = 



p(S) = A a lPlll { C3j+2 (gl202 g *303... g *i0^ 

+c 3j+3 (g a ^g<*^---g<*i-^ 
+ ■■■ 

+ C 4 j + 1 (p a2 p U3 ■ ■■p°'Op02p03 . . .pPi)} , 





{ c 4j+2 ' 


f ' g°>202 ga 3 03 . . 


. g a 3 03^j 






+C4J+3 (g a ^ 2 g a ^ ■ • ■ 

_l_ . . . 


. gdj-lPj- 


- 1 p a 3 pPi 




+C5j+1 


(pa2p03 . . .pOtj 


pfcpfc . 


■ V)} 




{ c 5j+2 1 


j ga2$2 gOt3p3 . . 


. g"jft ) 




+C5j+3 ( 


' g"2/3 2 gO303 . . . 


. g^i-lPj- 


- 1 p a j p&j 




+ ••• 












pp2p03 . 


■V)} 



(Ji,J2,J 3 ) = (2,2,2) 



(Ji,J 2 ,J 3 ) = (2,2,3) 



+c 175 ttl ftA^ 2/327l fc^ 

+ C 18 A^ l/3171 ^^272 +^2^272) 

+Ci 9 ^ l/3l7l p Q2 / 2 fcT 2 . 



r OS) = Clfl «ift ( 5 «27lpfe + ff /327l p «2) fc 72 fc 73 

+C2ff Ql7l 5 /3172 (g a2l3 p^ 2 + gP 2 ~< 2 p a2 ) 

+C 3 (g a m g a 272pf3i p f32 _ g PlllgP2l2paipa2^ fc 73 
+C 4 (g ai ^ 1 p (31 + /iTip Q i) p Q ^/32 fc 72 fc 73 ) 

pCA) = C55 ai/3l 5 "2/32 fc 7lfc72 fc 73 

+c 6 g Ql/3l 5 Q27l / 272 fc 73 

+C73 Ql/31 [f 12 ^^ 2 - / 2 Tip« 2 ) fc 72 fc 73 

+c s g ail3l p a2 p 132 fc 71 fc 72 fc 73 

+C 9 g Ql7l g' 3172 (g a 2^ p P2 _ ^272^2) 

+C10 (g^lig^VpPlpfc + ff /?l7l ^272^1^2) fc 73 

+cn5 Ql7l <7 /3l72 p Q2 p /32 A: 73 

+C 12 p Ql p Q2 p /3l p /32 fc 71 fc 72 fc 73 , 



(118) 



rf = cig Ql/3l g Q2/32 fc 71 fc 72 

+c 3 5 Ql/31 (g a2 ^p 02 -g^p 02 ) fc 72 

+c 4 5 Ql/3l p Q2 p /32 fcT 1 fcT 2 (119) 

+C 5 (g a ^g a 2"12p&lp&2 + gPlllgP2l2paip<y-2\ ) 

+c 6 .9 ai7l 5 /3l72 P Q2 P /32 
+c 7 p ai p a2 p l3l p l32 k~< 1 fc^ 2 , 

r[ A) = c 8 5 Qlft (g a2 ^pP 2 + g' 32 ^p a2 ) k? 2 

+Cg ( K g a ^g a 2l2pPl p P2 _ g Pm g fa-n p cc lp a 2 ) (120) 

+cio \g aill p !il + g 01 ^p ai )p a2 p 02 k^ 2 , 

T (S) = Cn£ ,ai/3i^«2/327i fc 72 

+ci 2 .g Ql/3l Q a2 ^ 2 fcT 1 fc 72 

+Ci 3 ^l" l/3171 (j/* 2 /^ 2 _p/32 5 a 2 72) (121) 

+C14A+ 1 ' 3171 (p a V 272 +p /32 5 Q272 ) 

+ci 5 Q Ql,3l p Q2 p /32 fc 71 fc 72 , 



(122) 



(123) 



(124) 
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T (S) = Cl35 "i/3i^«i^7l fc 72 fe 73 

+ C li g ai l }l (g«27l 5 /32 72 + Q/327lg"272-) fc 73 

+c 15 Af l3lJ1 g a ^gf 3 ^ (125) 

+ C W Al ll3lJ1 {g a ^p^ + gfeVp°v) fc73 



+c 19 g a ^Q a ^k^r i2 k^ 

+c 2Q A^ 1 g^ 2 g^ , 

+ C 2 lA a _ lf)l11 (g a ^p^ -/272p«2) fc 73 ' 

+c 22 A+ l/3171 \g a2 ~< 2 pP 2 + gfovp ") fc 73 
+c 23 Q ail3l p a2 p 132 fc 71 fc^ 2 fc^ 3 . 



• (^1, J 2l J3) = (2, 2, j), with j an even number and j > 4 

r (S) = Clff «i/3i ff "2/32 ( fc 7i fc72 . . . fc 7i ) 

+c 2 .9 Ql/3l 5 Q27l 5 /32 72 (fc 73 fc 74 • • • fc 7 

+C35" 1 ' 31 (5 Q271 ^ 2 - / 27l p" 2 ) (Af 2 ^ 3 • • • Wi) 

+c i g aif3l p a2 p 132 (k^W 2 ■■■Wi) 

+C55 Q!l7l g Q272 g ,3l73 5 ,32 74 (fc 75 fc 76 • • • k^) (127) 
+C65" 171 / 172 (g" 273 / 2 - / 2 T 3 p« 2 ) (/c^fe 75 . . . fc 7 3 ) 
+c 7 ff Ql7l 5 /?l72 p Q!2 p /32 (fc 73 /c 74 • • • fc 7 

+c s (g a ^ 1 g a2 ^ 2 p l3l p 132 + gPrngfe-Kp^pt*) (fcT 3 fcT 4 • • • fcTj ) 

+c 9 p ai p Q2 p' 3l p' 32 (fc^Af 2 • • • fc^) , 



r (^) = Cl0 j«iA ( ff «27i p /32 + 5 /327i p "2) (fc72 fc 73 . .. fc 7j) 

+cn.g Ql7l 5 /3172 (g a2 '' 3 p r32 + g^ 3 p a2 ) (k^k^ ■ ■ ■ k^) (U8) 

+C12 (g a ^g a ^pf^p^ - g 0i'Vigfo'V2p<*ip<*2) (fc73 fc 74 . . . fc 7i ) ^ J 

+C13 (g" 171 / 1 + g^p^)p^p^ (k? 2 k^ ■ --Wi) , 



r (f) = Cl4ffQl /3 M «2/327i ( fc 72 fc 73 . . . fc 7i) 

+ci5.9 ai/3l Q" 2/32 (fc 7l fc 72 
+c w A ail3l ' 11 g a2 ~' 2 g( 32 ^ (k^k^ ■ ■ -k^) 

+Ci 7 A% lPl11 (g a ^pfc + gfo-np°K) (fcT3fcT4 . . . fc7 3 ) 

+c l8 A a _ lf3l ' yi (g^pf 32 - g^p* 2 ) (fcT3 fc 74 . . . jfe7j) 
+ci 9 Q Ql/3l p Q2 p /32 (fc 7l fc 72 ■ • • fc 7 , 



rL A) = c 2a g ai/3l Al 2/3271 (k~< 2 k^ ■ ■ ■ jfe-w) 

+ C 2 1.9" l/31 [Q a2 ^g^ 2 + gft7l ff a272) (fc73 fc 74 . . . fc 7i) 
+C 22 A+ l/3l7l 5 Ql T 2 5 ' 32 T 3 (fc^fcT 5 • • • fc-W) 
+c 23 A" l/3171 ( 3 Q2 T 2 p/ 32 + gPmp a 2) (fcT 3 fcT 4 • • -fcTi) 
+c 24 A^ l/3l7l p tt2 p* {k^k^ ■ ■ ■ jfeTj) 

+C25 (Q" l7l 5' 3172 + QP^g a ^ 2 ) g a ^ 3g fh74 (fc75 fc 76 . . . fc 7 3 ) . 



• (^1, ^2, ^3) = (2, 2, j), with j an odd number and j > 5 
Similar to the previous case, with < — > r±^. 

• (Ji,J 2 ,J 3 ) = (i,j,2), withj>3 
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(gOtl-fl gOC2l2pPlp02 _|_ g fh 71 g P2 72 pOt i ~) x 

{Cl (^"3/33^4/34 . ..^ft) 

+C2 [g a ^g a ^ 1 ■ ■ ■ g a i-iPi-ip a ip@i} 
H 

+Cj_i (p a:, p ai ■ ■ ■p a ipl 3 3p/34 . . .pft)} 

+g Q171 .9 /3l72 x 

{ C j (^"^A^aaft . ..g a 3 0i) 

+Cj+1 (g a2 feg a *fe ■ ..g a i-iPj-ip a JpPj) 

+ ••• 

+C2j-1 (p Q2 p tt3 • • -p a ipfepfe ■ ■ -pPi)} 
(gai-yipPi + g0nip<*i ) fc72 x 

{c2i(5 Q2/32 g Q3/33 ---5" 3ft ) 

+c 2 j+i (g a2 ^g a ^ 3 ■ ..g a i-^i-^p a ipPi) 

+C3j-1 (p" 2 P a3 • • -p^p^pl 33 ■ ■ 
+c 3l+1 k~< 1 k~< 2 (p ai p a2 ■ ■ -pVipPipfe ■■■pPi), 

(<7 a lTl g<X2l2p01p02 _ gfllll gP2l2 p&l pCt 2 ^ x 

{'•:;.,. 5 ) 

+C 3 j+3 (g a 3^g a ^ ■ ■ ■ g a 3-iP3-ip a ip( 3 3) 
+ ■■■ 

+ C 4 j (p" 3 p ai ■ ■ -p a 3pf 3 3pP4 . . -pft )} 
(gaiJlpP! _ gPnipCX^ fc7 2 x 

{C 4 j+1 ( ff Q2 * ff Q3 ' 33 --- 5 ^ft) 

+C4j+2 (g a *fag a *fe ■ ■ ■ g a 3-iP3-ip<±3pP3^ 

+ C 5j ( P a2 p a3 ■ ■ -p a 3pP2pP 3 • • - pft ) } , 

_ ^"l/3l7l ^pa 2 g(3 2 ~{ 2 _pP 2 ga 2 ~f 2 ^ x 

{c 5 j+i (g a ^ 3 g a ^ • • 

+C 5 j+2 (g Q3/?3 5 Q4Al • ■■g ol i-^i-^p a ipPi) 
+ ■■■ 

+C6j-1 (p a3 p ai ■ ■ -p a ip^p^ ■ ■ -pPi)} 
+j4 «i/3i7i ( p a 2ff /? 272 + ^2^272) x 

{cej (g Q3/33 5" 4/34 • ■■g ail3i ) 

+ ■■■ 

+C7J-2 (p a3 p ai ■ ■ -p^p^p^ 
+C 7j _iA^ l/3l7l fcT 2 (g^2 g a 3 /3 3 . . .^ft) 
+ Q«i/3i fc 7ifc72 x 

+C7j+1 (g a2 ' 32 g a3 ' 33 ■ ■ ■g a S-^S-^p a ipPs') 
+ ■■■ 

+C8J-1 (p a2 p a3 ■ ■■p a opfopfe 
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{c 8j (g^feg^Pi . ..gOjPj} 

+C Sj+ i (g a ^g a ^ ■ ■■ g a j-ip3-ip a ipPj) 
H 

+C 9j - 2 (p a3 p a4 ■ ■ ■p a jpfopi 3 * ■ ■ -pPi)} 

+A a!/3 171fc72>< (134) 

{C9j_l ( ff Q 2/92 ff a 3 /33... 5 a 3 ft) 

+C 9j [g a ^g a ^ ■ ..g<*i-iPj-ip<XipPj) 

H 

+Cl j-2 (p Q2 p" 3 • • -pOipfepfo ...pPA} 

+C10 3 '-1 (Q" 171 / 172 + QPWtfxm) (y*2/52 5 a 3 /3 3 . ..gCCjPi} 



and so on. 

We need to consider three cases: 

1 . Both of the two identical particles are internal lines 



According to Eq. (97), one can obtain 

r ± = rf + {p \-pi)T^ (135) 

with the coefficients satisfying 

Ci = (H [p\ +p\,{p\ ~pl) 2 ,Pi -P%) ■ (136) 

2. One is on shell, another an internal line 

The factor (p\ — W 2 ) or (W 2 — p|) will eliminate the denominator of the propagator for the off shell particle. 

(A) 

This make the contribution from T ± has no pole at the particle's mass, so that it can be absorbed K. S. freely 
into background amplitudes. 

r ± = ii s) , (137) 

Ci = Ci (pl,pi -p 2 ) ■ (138) 

3. Both of the two identical particles are on shell 
Since p\ — p\ = 0, we have 

T± = T { ± } (139) 

with the coefficients 

Ci = Ci (p! • p 2 ) . (140) 



From Eqs. (|10^,|106|) one can infer that a particle decaying into two identical spin-0 particles must has a even spin. 
If parity is conserved, the parity of such a particle must be +1. For example, p , ry, 77/, oj, 4>, a\, fi etc. will not 
decay into two neutral pionsn. 



Examples for incorporating boson symmetry in 4-leg vertexes can be found in Sec. VII and Rcf. [E2| 



4 p° — > 2ir° also violates (approximate) isospin symmetry. Since boson symmetry is an exact symmetry, this process is 
absolutely forbidden. 
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VI. COVARIANT HELICITY AMPLITUDES FOR TWO-BODY DECAYS 



Hclicity amplitudes for two body-decays can be write down directly using the wave functions and vertexes given in 
previous sections. Such amplitudes can be calculated in arbitrary reference frame. Especially they can be calculated 
in laboratory frame so that no Lorentz transformation is needed. However, one might still favor amplitudes in center 
of mass frame(CM frame). We will give some explicit results calculated in the rest frame of parent particles in this 
section. 

Suppose a spin- J particle with momentum p decays into a spin-s and a spin-cr particle with momentum q and k. 
The helicity amplitude of such a process is 

Ms\u(p,q,k) = (q, s, A; k, a, u\S\p, J, S) 

= E Dl1 x (W(L- 1 (p),q))D^(W(L- 1 ( P ),k))(f ,s,X';k', a ,^|S|0, J, 5) ( 141 ) 

with 

q a = L- la p (p)qP, (142) 
k' a = L- la (p)k p . (143) 



Here Eq. (11) has been used. Notice that we should use L(p) defined in Eq. (|10| 
From Eqs. (J9|,[l2|) one can rotate ~q to the direction of z-axis: 



M SX ,(p,q,k) = J2 D l 1 x (WiL-'ip)^)) D? v (^(L- 1 ^),*)) D^^^O)^, (144) 

X'v' 

where ip) is the direction of lj . F\ v is the helicity amplitude in the rest frame of the parent particle, 

F\u = (q, s, A; k, a, v\S\p, J, A — v) C m- (145) 

p, q, k have been redefined to their CM frame values in the above equation. We follow the convention of Chung |2j| 
in this section: 

(p a ) = (W; 0, 0, 0), 

(q a ) = (go; 0, 0, r/2), (146) 
(k a ) = (ho; 0, 0, -r/2). 

Eq. ( |l44|) is the relation between helicity amplitudes in laboratory frame and those in CM frame. It can be derived 
in a alternative way by writing down the explicit expressions for these amplitudes and use Lorentz transformation 
properties of wave functions in Eq. ( |l7| ) . 

The masses of the daughter particles are m and [i, 

W = qa + k , (147) 



qo = \/m 2 + ! j 1 (148) 



2 



2 



k ^^ 2 + r -. (149) 

The corresponding space reflection parity of the three particles are rjj, rj s and rju. 
Parity conserving helicity amplitudes in CM frame satisfy |?]|| 

F Xv = VJVsVai-iy^F^x,-,- (150) 

If the two daughter particles are identical, one has Jl|,0,|| 

F Xv = {-l) J F vX . (151) 

Some explicit results for Fx v are listed below. We assume space reflection symmetry in all processes. 
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Spin-1 — ► spin-0 + spin-1, r]jr] s rj a = — 1 

We should choose pseudo-tensor effective vertexes. 

F\ v = —F-x v \ 



F 01 = \cWr. 



Here c is a scalar. 

Spin-1 — ► spin-0 + spin-1, r\jr\ s r\ a = +1 
The effective vertex should be a tensor. 



F Xv = +F_ 



X. — vi 



^oi = c 2 + — cir , 

Fqq = —C2- 

It can be applied to the process ai(1260) — ► np. 

Spin-1 ► spin-2 + spin-1, rj,jrj s r/ a = +1 

The effective vertex is a tensor. 

F\u = +F-\,-u> 

i iu 2 2 

zr go W 2 

^ii = — 7^~ c 5 ~ „ c 3 r , 
V2m 2V2m 

^21 = -C5- 

These amplitudes are applicable to the case J/ip — ► a2(1320)p. 
Spin-1 — ► spin-4 + spin-1, rjjrj s r/ a = +1 



Use the tensor vertexes given in Sec. Ill 



Fxu = +F- 



A, — v i 



F 00 = ^=^rc 5 r 2 + JL - (c 5 <Zo + c 3 fco9o^ - c 2 k W 2 + c 4 q W 2 ) r 4 + J^l (c 3 + ci^ 2 
V70to 4 V 11 20m 4 v y Vl7920m 4 v 

^ 2 2 ^ 4 4 
-^01 = ; CRT ; C&T , 

^/280TO 2 V / Tl20m 4 
"10 = re a c s r + — 7= 3 ( c 5 + a w ) r , 



4\/7m 3 16^ 

g lU 2 2 ^ 3 4 
^11 = ~ : 7= z c 5 r - m c 3 r , 
4v7m i5 loyim 

4\/7m 2 
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• Spin- 2 — ► spin- 2 + spin-O, r\jr\ s r] a = +1 
The effective vertex should be a tensor. 



F\ v = +F_ A ,_„; (183) 



F* = Ul + 2 4)c,-^ + ^, (184, 



3 \ to 2 J 6to 2 24to 2 
F w = ^-^c 2 r\ (185) 

TO oTO 

F 20 - c 3 . (186) 

• Spin-4 — ► two identical spin-1 particles, rjj = +1 
The vertex should satisfy boson symmetry. 

fx- = +F_„,_„, (187) 
Fa„ = F„j; (188) 

Fi,-i = -—. =c 4 r 2 , (191) 



4^7 
1 

/280"" ' VTT20' 



Fn = ^c 4 r 2 + — e 2 r 4 . (192) 



• Spin-4 — ► spin-2 + spin-O, i]jr] s r/ a = +1 
The effective vertex is a tensor. 



F A „ - +F_ A ,_„; (193) 



Foo = * f 1 + c 3 , 2 - ^ c 2 ^ + ^, (194) 

2 % /l05 V ™ 2 / 4 % /T05to 2 167105m 2 v ; 

\/56to \/3584to 

F 20 = ^ c 3^ 2 - (196) 



• Spin-1 — ► spin-O + spin-O, r\jT] s r\ a = — 1 
The effective vertex should be a vector. 



Foo = -|r. (197) 



VII. RESONANCES AND BACKGROUNDS 



For a process involving more than three particles, we must separate the vertexes into one-particle irreducible (1PI) 
parts and one-particle reducible (1PR) parts. Usually 1PI parts are called backgrounds, while 1PR parts are called 
resonances. An example with 4-leg vertex are shown in Fig. H. 
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+ -< 



FIG. 2. A 4-leg vertex can be divided into an 1PI part and resonance parts 

Feynman graphs for the process a\ — > 7r + 7r + 7r~ are illustrated in Fig. ^| We consider only p resonance here. The 
four-momenta of a\ and the three pions are p, p%, pi and P3, with 

P = Pl+P2+P3- (198) 
The corresponding spin-parities of a±, p and 7r are 1~ , 1 _ and 0~ |27|]. 



x > Pi x . V\ 11 > Pi 

a,,p f/ n * < Pi a " p / "" P ^j, 

v, P , v 



i Pi 
Pi 



> p 3 

FIG. 3. The 1PI graph and two p-resonance graphs for the process ai — > 7r + 7r + 7r~ 
The background amplitude can be found after an analysis similar to that in Ref. [p2[p|: 

= e|i (p,A){6i(pi + p 2 )" + [(pi -P2) -palfeCpx -P2)"}, (199) 
6< - 6j ((pi + p 2 ) • P3, [(pi - p 2 ) ■ p 3 ] 2 ) ■ (200) 

We use Breit-Wigner factors as approximation to the full propagators in Fig. 0, i.e., write the propagators of p° as 



g at3 -(P2+P 3 ) a (p 2 +P3) / Vm 
(P2 + P3) 2 - "ip + ir p mp 

and 

g ap ~ (Pi +p 3 ) a (pi +p 3 Y 3 / m 2 
(pi + P3) 2 - m 2 p + iTpm p 



2 

£ (201) 



(202) 



where m p is the mass of p° and T p its width. Alternatively, one can choose propagators in other forms to get better 
approximations. 

The /9°7r + 7r~ vertexes must be vectors if parity is conserved, which can be read out from the list of Sec. pi} 

r^ +T _(P2,P 3 ) = c( P2 .p 8 ) (p 2 - P3 f , (203) 
rJ^-tpi.Ps) = c(pi .pa) (Pi -p 3 f • (204) 

The ai7r + p° vertexes must be tensors, 



The C3 term in Eq.(10) of Ref. [E2| can be dropped without introducing K. S.. 
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C +/ ,(P1,P2 +Ps) = c'M ■ P3 )g^ a + c 2 ( P2 ■ PsKp?, (205) 
r £*+ P fa>Pi +Pz) = C 'M ■ Ps)9^ + C 2 (Pl -P3)P^P2- (206) 
Combining all of these together, we find the resonance part of the amplitude to be 

M ( [ es) = e M (p,A){ Z? 23 [| Cl ( S2 3) + \ Pl • (p 2 - p 3 )c 2 (s 23 )](pi + p 2 y 

+D 23 [-\c 1 {s 2 z) + \pi ■ (p 2 -P3)c 2 (s23)](Pi -P2Y C2Q7) 

+ Di 3 [|ci(ai 3 ) + ±p 2 • (Pl -P3)C2(«1 3 )](P1 +P2) M 

+£ ) i3[-5Ci(si 3 ) + \p 2 ■ (pi -p 3 )c 2 (si 3 )](p 2 -PiT}- 
Here P3 ~ — (pi + P2Y have been used, and 

S23 = (P2+P3) 2 , (208) 
*i3 = (Pi+Ps) 2 , (209) 

A>3 = 2^ , (210) 

S23 - m z p + iTpm p 

D ™ = 2^—T • ( 211 ) 

S13 - "T-o + zr P TO„ 



It is easy to see 



, x ™ 2 ai + 9m* - 2(2^13 + S23) 

Pl-(P2-P3) = 1 g ' ^ > 

( x f< + 9m 2 - 2(s 13 + 2s 23 ) 
P 2 • (pi - P3) = 1 2^ ■ (213) 

After redefinition of ci, c 2 and 6 2 , the covariant helicity amplitude becomes 

M x = M { ?+M[ res) 

= e M (p,A)(pi + p 2 )^x 

{ 61 (si 3 + S 23 , (si 3 - S 23 ) 2 ) 

+3ci(s 23 )L> 23 + 3ci(si 3 )£>i 3 

+ [m^ + 9m 2 - 2(2si 3 + s 23 )]c 2 (s 23 )D 23 

+[r< + 9ml - 2(«i3 + 2s 23 )]c 2 (s 13 )Z? 13 } (214) 
+e^(p, A)(pi -p 2 )^x 

{ [S13 - S 23 ]fe 2 (S13 + S 23 , (Si 3 - S 23 ) 2 ) 

-ci(s 23 )£> 23 + ci(s 13 )Di 3 

+ [m 2 ai + 9ml ~ 2(2si 3 + s 23 )]c 2 (s 23 )D 23 

-[m^ + 9ml - 2(a w + 2s 23 )]c 2 (si 3 )Z?i 3 }. 

The background amplitude will not give a flat distribution in the Dalitz plot of the three pions: 

ElM^I 2 - -|fel| 2 (Pl+P2) 2 -|6 2 | 2 (pi-p 2 ) 2 [(pi-p 2 )-P3] 2 

+ ^{ Ifel| 2 [p-(P1+P2)] 2 + I&2| 2 [p-(P1-P2)] 2 [(pi-P2)-P 3 ] 2 ( 215 ) 

+ (Kb 2 + bib* 2 )\p ■ (pi + p 2 )][p • (pi -p 2 )][(pi -p 2 ) -Ps]}- 

In fact for any process involving particles with non-zero spins, the background distributions are not flat. If we do not 
include such background(lPI) terms, those resonances terms we have considered might just simulating the background 
distributions. Let's take the process a\ — ► 7r + 7r + 7r~ as an example. We can not say that we have seen pi or some 
other resonances, if the background term M.^ is not considered when we fit data. Particularly, this is the case for 
resonances far off shell or with large widths. One must include background terms. A resonance in a process 
can be taken as well established under two conditions: (1) Wc must include the background terms in amplitudes 
with and without such a resonance. (2) The amplitudes including the resonance significantly improve the best fit to 
experimental data, comparing to those ignoring it. 
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VIII. SUMMARY 

The main results of this paper are summarized bellow: 

A list of general 3-leg effective vertexes for bosons is given, with kinematic singularities carefully avoided. Space 
reflection symmetry demand effect vertexes to be tensors or pseudo-tensors depending on spin-parities of external 
lines. Mixing of tensor and pseudo-tensor vertexes always means violation of parity conservation. Boson symmetry 
require that effective vertexes take the special form given in Sec0. The requirement of parity conservation and boson 
symmetry leads to selection rules. These results are needed when we construct phenomenological models or write 
amplitudes to fit data of high energy experiments. 

Helicity amplitudes in laboratory frame are related to those in center of mass frame by Wigner rotations. For 
two-body decays, it is possible to write the explicit expressions of covariant helicity amplitudes in a concise form. 

S-matrixes for processes involving more than three particles can be divide into 1PI parts and one-particle reducible 
parts, or in another words, backgrounds and resonances. We emphasize that such background terms are important 
when one try to extract meaningful information on resonances. This is especially the case if the width of the resonances 
are large, or the resonances are far off shell. 

Constraints of gauge invariance on effective vertexes will be the content of another paper. 
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